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This unusual little book, which is intended to serve both as a text and as a 
reference, is a survey of a broad portion of the theory of linear spaces, with 
particular attention to the solution of linear equations. The book is in four 
chapters, entitled "Nontopological linear space theory," "Finite systems of 
linear algebraic equations and their generaliTations," "Topological inear 
spaces: some comparisons," and "Current research problems." It differs from 
other brief books on these subjects in two principle ways. First, the author 
takes a very broad view, putting into 168 pages the beginnings or the 
essentials of a wide variety of topics, including the general theory of linear 
spaces, systems of linear equations, integral operators and integral equations, 
compact operators, the Fredholm theorems and the theories of Banach spaces, 
of Hflbert spaces, and of topological vector spaces. Second, the book is built 
on a very systematic and explicit comparison of the finite and infinite 
dimensional theories. In much of the book, this comparison is undertaken on a 
theorem by theorem basis and most results are presented in two different 
versions, with comments on their differences. Where no reasonable generali- 
zation to the infinite dimensional case exists, the book generally provides 
relevant examples in considerable detail. The author's goal seems to have been 
that of illuminating a large area of mathematics by means of this systematic 
comparison. 
Generalizing a theorem is usually an excellent way of coming to a firm 
understanding of it, so Professor Jfi_rvinen's approach as much to recommend 
it. Moreover, this book contains an accessible compilation of a large number 
of results, from different but related areas, which otherwise would not be easy 
to find in a single source. Unfortunately, no treatment of so much in so short a 
space can possibly be complete. Professor Jfi_rvinen is thus obliged to replace 
most of the proofs by references, and to limit himself largely to supplying a
context and to describing the flow of the results in his subjects. This approach 
poses the danger that the exposition can easily turn into a loosely connected 
list of definitions and results. On the other hand, it makes for a very clear 
view of broad outlines, and it places on the reader the burden of supplying or 
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piecing together most of the arguments for himself. This piecing together is 
an excellent mathematical exercise and seems to be very much what the 
author had in mind. Thus the value of this book would seem to depend largely 
on how well it can serve as a guidebook to its mathematical terrain, and on 
how informatively it connects the results which it contains. In these respects, 
the results of the exposition are, in the opinion of this reviewer, quite 
definitely mixed. 
Professor JL, arinen's approach seems to work best in chapter one, which is 
a brief but reasonably complete outline of the essentials of the theory of linear 
spaces. In this chapter he does provide most of the proofs which an advanced 
undergraduate would be unlikely to construct for himself, and he omits most 
of those which a good student could handle on his own. Here too the 
comparison of the finite dimensional and the infinite dimensional cases is at 
its most systematic and most explicit. In short, he seems often in this chapter 
to have struck pretty much the right balances. The core of the book is in 
chapters 2 and 3 and here the balances are often not as well chosen. Chapter 
2 begins with a treatment of finite systems of linear equations, passes to 
infinite systems of linear equations, then treats some classes of integral 
equations, and concludes with a discussion of linear operator equations and 
the Fredholm theorems. Chapter 3 treats inner product spaces, Hilbert 
spaces, a bit of spectral theory for operators on a Hilbert space, normed linear 
spaces and Banach spaces, including a little basis theory, and topological 
linear spaces. In these two chapters, proofs are almost entirely absent and the 
author's discussion sometimes fails to flesh out the results. This reviewer 
would have preferred, for example, to see something further said about the 
geometric aspects of the various conditions which guarantee that a norm is 
induced by an inner product. Similarly Secs. 2.2 and 2.3 strike the reviewer as 
coming perilously close to being merely a list of results, not because the proofs 
are omitted, but rather because there are few insights into why these 
particular esults could be expected to hold. Where Professor Jtirvinen does 
provide an insight or a heuristic sketch (as in the treatment of the Fredholm 
Alternative in Sec. 2.4), the exposition serves as a more effective guide to the 
subject. Each of chapters 1-3 contains a great many exercises, which range 
over a wide variety of levels of difficulty and should be adequate ither for 
classroom use or for self-study. Chapter 4 is a collection of problems, most still 
open, in linear analysis. While references for many of these are given, there is 
in most cases no discussion beyond a simple statement of the problem. 
The book is marred by a significant number of errors and misleading 
passages. Most of these are minor slips of the pen which somehow passed 
through the proofreading and editorial processes, but a few are serious. 
Perhaps the most troublesome comes in the proof of Theorem 1.3-r, which 
asserts (correctly) that ff (x~)~ I is a linearly independent net in a vector 
space X, and ff (Yk)k~K is any Hamel basis for X, then there exists some 
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subnet of (Yk) which, when adjoined to (xi), forms a Hamel basis for X. The 
author's argument runs roughly as follows. We may well order I t_) K in such a 
way that every element of I precedes every element of K. (A minor difficulty 
here is that reordering the indexing set might alter the collection of subfami- 
lies which are subnets.) If (xi) is a basis, there is nothing to prove; otherwise 
there is a first element of (gk), say gko' such that Yko is a linear combination of 
the x i and of those Yk which precede it. If (xi)i~ t I,..J(~lk)k~K_(ko) is linearly 
independent, hen it can be shown to be a basis, if not, then we can repeat 
this process. Professor J/irvinen then asserts that "the axiom of choice 
guarantees that the process can be continued until a linearly independent 
subnet, say N, arises," and he shows that N is a Hamel basis. Now this 
assertion is certainly correct, but it glosses over a fundamental point in the 
argument. The process which Professor J~irvinen describes is a countable one 
and makes no mention of limit ordinals, yet it appears to the reviewer that the 
most natural way of completing this argument is to appeal to the process of 
transfinite induction. Since a countable process cannot be made to yield a 
basis for a space of uncountably infinite dimension, some further explanation 
is surely in order. In his preliminary material, Professor J~irvinen does include 
a brief discussion of the Axiom of Choice, Zorn's Lemma, Zermelo's Theorem, 
and the Tukey-Teichmiiller Theorem, yet he omits transfinite induction 
altogether. Thus it seems likely that a student, upon trying to complete the 
proof of the theorem, would hit upon an entirely different argument, based 
perhaps on Zorn's Lemma. It is worth noting that an argument from Zorn's 
I .emma is shorter and avoids the reordering of the indexing sets, thus avoiding 
any confusion over which subfamilies of the set (yk) form a subnet of the net 
(yk). 
The use of nets in the argument just described also brings up a few 
pedagogical points. Linear independence in this book is a property of nets 
rather than a property of sets. This has the desirable ffect of immediately 
clearing up any confusion which can arise from the repetition of vectors in a 
list. [The set (x} = (x, x) is linearly independent whenever x ~ 0, yet the net 
(xl, x2) given by putting x 1 = x 2 = x is always linearly dependent]. However, 
this confusion can also be avoided, without ordering the indexing set, by 
systematic and careful use of language, and the use of nets is likely to make 
the book less accessible to many of the students who would like to read 
chapter 1. On a different issue, the discussion of the vector space axioms, 
which uses the four symbols *, ~, ~, and ~ for the algebraic operations in the 
vector space and the tmderlying field, is likely to be needlessly formal for 
much of its audience and quite formidable for the remainder. There is also at 
times a certain casualness which might well lead an inexperienced reader to 
grief. For example, Theorem 3.2-B', which asserts that every infinite dimen- 
sional inner product space is a/2-space, is not correct unless the inner product 
space is assumed to be complete. Similarly, the statement on p. 105 that "the 
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collection of all eigenvalues i the same as the set of all scalars ~ for which 
A - h i  has no inverse" is false in infinite dimensions, and is placed at a point 
in the exposition where it appears to apply to infinite dimensional spaces. 
Professor J~rvinen suggests in his preface that chapter 1 could be used as 
the textbook for an advanced undergraduate course and that the primary 
audience for the first three chapters is likely to be second and third year 
mathematics graduate students. He also suggests that the book could serve as 
a reference for mathematicians and scientists and that it should have particu- 
lar value to teachers of undergraduate mathematics. Its value to any of these 
audiences i undercut by the necessity of straightening out the frequent errors 
and misprints. Certainly it can serve as a reference to a wide variety of results 
and to a significant body of literature. As a guidebook to the mathematical 
terrain it is often much too spare. A student who is new to the study, for 
example, of operators on a Hilbert space will probably find the treatment in 
Paul Halmos' "A Hilbert Space Problem Book" more appropriate, and a 
comparison of these two books is instructive. What is so often missing in 
Professor J~vinen's book is the sort of attention which Halmos pays to 
isolating the central idea behind a result. 
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